Abstract-The Fractional Calculus (FC) goes back to the beginning of the theory of differential calculus. Nevertheless, the application of FC just emerged in the last two decades, due to the progress in the area of chaos and nonlinear dynamics that revealed subtle relationships with the FC concepts. In the field of dynamical systems theory some work has been carried out but the proposed models and algorithms are still in a preliminary stage of establishment. Having these ideas in mind, the paper discusses the application of FC in engineering sciences.
. Nevertheless, the development of the theory of Fractional Calculus (FC) is due to the contributions of many mathematicians such as Euler, Liouville, Riemann and Letnikov [1] [2] [3] . In the fields of physics, chemistry and biology, FC is presently associated with the modeling of several phenomena [4] [5] [6] [7] . The adoption of the FC in control algorithms has been recently studied [8] [9] [10] [11] [12] using the frequency and discrete-time domains. Nevertheless, this research is still giving its first steps and further investigation is required.
This article introduces the fundamental aspects of the theory of FC and discusses its application in systems engineering. In this perspective, the paper is organized as follows. Section II outlines the main mathematical aspects of the theory of FC. Section III introduces the main algorithms to approximate fractional-order derivatives. Section IV outlines several case studies that adopted an FC approach leading to superior models and a deeper understanding of the phenomena involved. Finally, section V draws the main conclusions.
II. MAIN MATHEMATICAL ASPECTS OF THE THEORY
OF FRACTIONAL CALCULUS Since the foundation of the differential calculus the generalization of the concept of derivative and integral to a non-integer order α has been the subject of several approaches. Due to this reason there are various definitions of fractional-order integrals (Table I) which are proved to be equivalent.
Based on the proposed definitions it is possible to calculate the fractional-order integrals/derivatives of several functions (Table II) . Nevertheless, the problem of devising and implementing fractional-order algorithms is not trivial and will be the matter of the next sections.
III. APPROXIMATIONS OF FRACTIONAL-ORDER
DERIVATIVES In this section we analyze two methods for implementing fractional-order derivatives, namely the frequency-based and the discrete-time approaches, and its implication in control algorithms.
In order to analyze a frequency-based approach to 
From the Bode diagram of amplitude or of phase, the average slope m′ can be calculated as:
Consequently, the circuit of Fig. 1 represents an approach to
, based on a recursive pole/zero placement in the frequency domain. As mentioned in section II, the Laplace definition for a derivative of order C ∈ α is a 'direct' generalization of the classical integer-order scheme with the multiplication of the signal transform by the s operator. Therefore, in what concerns automatic control theory this means that frequency-based analysis methods have a straightforward adaptation to their fractional-order counterparts. Nevertheless, the implementation based on the Laplace definition (adopting the frequency domain) requires an infinite number of poles and zeros obeying a recursive relationship [10] [11] . In a real approximation the finite number of poles and zeros yields a ripple in the frequency response and a limited bandwidth.
Based on the Grünwald-Letnikov definition of a derivative of fractional order α of the signal ( )
, leads to the expression:
. (5) where Γ is the gamma function and h is the time increment. This formulation [12] [13] [14] inspired a discretetime calculation algorithm, based on the approximation of the time increment h through the sampling period T, yielding the equation in the z domain:
An implementation of (6) corresponds to a r-term truncated series given by:
Clearly, in order to have good approximations, we must have a large r and a small T.
Usually the series (7) converges slowly and, in order to improve the approximation is adopted a Padé rational fraction approximation having identical orders in the numerator and denominator.
An important aspect of fractional-order controllers can be illustrated through the elemental control system represented in Fig. 3 , with open-loop transfer function
, in the forward path. Re(s) The open-loop Bode diagrams (Fig. 4 ) of amplitude and phase have a slope of α 20 − dB/dec and a constant phase of 2 π α − rad, respectively. Therefore, the closed-loop system has a constant phase margin of ( )
rad, that is independent of the system gain K.
Likewise, this important property is also revealed through the root-locus depicted in Fig. 5 .
IV. APPLICATION OF FRACTIONAL CALCULUS FC is presently being applied in the engineering sciences. This section describes briefly several case studies that adopted an FC approach. In this perspective we can mention research in the areas of:
-Statistical modeling [13] [14] ; -Robotics [15] [16] [17] [18] [19] ; -Mechanical system analysis [20] [21] [22] [23] ; -Genetic algorithms [24] [25] [26] ; -Electromagnetism [27] [28] ; -Control [29] [30] [31] ; -Intelligent transportation systems [32] [33] ; -Oscillators [34] ; -Thermal systems [35] [36] ; -Living systems [37] ; -Electrolyte processes [38] ;
-Signal processing [39] [40] [41] . The FC perspective lead to superior models and to a deeper understanding of the phenomena involved. Consequently, this "new" mathematical tool is presently being widely spread among the scientific community being expected important contributions in novel areas of application.
V. CONCLUSIONS This paper presented the fundamental aspects of the FC calculus, the main approximation methods for the fractional-order derivatives calculation and analyzes the consequences of the new concepts upon the extension of the classical engineering modeling concepts. It is verified that the fractional-order models capture phenomena and properties that classical integer-order simply neglect.
